
Weil representation



Heisenberg group

Over real numbers

1-1--1-1,11123=4^8%94 / a. b. c. c- IR }
*
the group

with respect to matrix multiplication
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,
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Schrodinger representation .

HzHR) acts on LZCIR)
.

Shifts
Fix A c- Rito}

$

47+(8%8) f) (⇒ = eihc . eib' .f(x+h-a)
←
multiplications by

eixyf- c- [ ( IR)
1 a c

Exercise :

my µ , f) is a unitary operator
0 0 ^

on [ ( IR) .



Check that % is a representation :

y qta, 4+4+9

f) (a)qffgijiei.IE#i)Ks-kx)--An- for ever

0 0 1

= eikon -14.94%(9+4) " . f- ( x -1k¢, -19$

rate :& / 1%-48%9:/ (A) (⇒⇒+11 :& /fyi-e.it?ei%fcy+ta.Dcx)=eih-Geikx.(eihE.ei%fCy+h-az)/y-
x+h-a

,
)

=
eih(G+cz -1%9) . ei 1-1%9 f- ( x+-h (9+921) .



Theorem ( stone - von Neumann theorem)
Every strongly continues irreducible unitary representation
of of H on ↳ ( IR) .

is equivalent to teh for some £ .



The structure of the Heisenberg group
as the central extension

the center of 1-1=1-1
,
( IR) is

2- = { 1^8 :?) Ice IR }
.

2- = ( R
,
-1) ,

is :R→z Y (c) : = (8%8)
Define Q : = HIZ

Q = { CÉ :&) / a.be/Rlg.Q~-1R2
short exact sequence : 0 → 2- → H → Q→ 0



Action of 54412) on Hz(R) .

The group SLZCIR) acts on IR
'

: 11-1*254112)

(IL ) (g) =
• ✗ + by *trio(ex + dy ) . Q

'

2541112)

o :Q→H ix.g) ↳ ¥ 1 y

6 is not a homomorphism .

1

yy / =/
^ ×""

1=4%+124%-1×4(
'

i' ¥!
"

) . /
" Kaya

1 Yiyz
Glxyy ,) -61×2,yj=

1



1 Xixztzxifttxzyixiyz

)1

4¥91 ) . /
* Kaya

1 Yi 1

yy / =/ 1 Yiyz
Glxyy ,) -61×2,y

1

1 XYXZ tcx.tl/z)lYiYz)tz-XiYz-tzXzy , 1 0 ICKY, - Xzy , )

)=/ 1 Yiyz |=G( xixzy ,+yz)•| ^ °

1

1

⇒
belongs to 2-

'

zlxiyixzy ,)=Idet( If , }:) (t)



I. He "0=40 1 y g=(I %) c- Slack)

Exercise : Compute W.

I = GCX
, y ) . Vez

=

(ax -189,0+9)
Is this

set
g. v

: = Gg) . W an action ?

Giga to> = gn( g. ix. g)
• W) - gigzcx.y.ro

Is the action ofg a group automorphism of H ?

?
gcrh.rs) = gas) . gas)



Suppose that if -_ 6cxzyD.ws VE 604yd .Wz for some

(%)
,
/%) c- IÑ and wires c-Z

.

gfrh.tk)=g( Gloczyn) .ws . Gcxzyz) .us)
=

g ( Gcxn, y ,)6( Xz , y,)
. We - Wz ) =

a

otzlxif-KYDJ.ro, .Wz)= g (61×51×2,4+92) ( 1 0

Notation :b :R→Z,gc⇒=( in) y

= 6 ( g (xixzy, -1yd)•J( tzlxiyixzyi )) . We - Wz

gcv, ) . give)=g( Gary,) .ws) g( 604yd - wz)

= 6 ( gcxn , yay . Glgcxz,yi) . We ' Wz



the action of g on H is a group homomorphism if

G) 6 (

gCxiXzy.tYzDiglkHyikyiD-GCgCxzynY.GCgcxmy.YBy@j.G
( gang , ) ) 6cg cxz, ya) = 6 (

glxi.YD-gcxz.y.D.TL/-zlxiyi-xiyiDgCxn,yD--QniYD8 "" Y" '%)
thus the
action of g(A) is equivalent to ✗if - ✗ay , =ÑÑ-ÑÑ .

is a group
det ( Ef, ji) = det ( ¥

,
Fyi) . homomorphism

of H EH



• SLIM acts on H

• Action of SLZCR) on Z is trivial

• It acts on LIIR)
• Uniqueness & irreducibility of Schrodinger representation
Let g c- SLUR)

teh : H → U ( LIIR))

tlhog : H → UILZUR))

There exists Ag c- GL ( LIIR )) s.ttfog-A.gg Agt
Ag is unique up to scalar or ( gro) =Again Aj

9T¥ Ag is a projective representation .

fi SLZCIR)
→ PGL ( ↳ ( IR))



✓ c- If LZCIR) ¥
"
LIIR)

GESHE) Agt bag
↳ (B) → LIIR)

tlnlgv)

Generators of SLUR) :

s :-(? f) vcu) : -- Yu 9) dit )=(
+ °

o
E)

As i talk) → ↳ ( IR) g- ↳ §

fly) = ,§ g-a) eih" dy
This not a unitary operator ( only up to a constant



↳ CIR) ¥
"
LIIR)

s --1-9 :)
Ast f As
↳ (B) →

9- ( guy
4142)

f- → flxtha)

s.f.ie :) =L : : :)01 - a Asg IAS
001

g → Éa×gc×)
( ° 1

→ a) (8) =L:) Question :

Ty / ! Can we proveon -a) f- ( x ) = e-
""✗

' f-G) this statement

% ( IIF ) fcx) = f(✗ + 4-a) by elementary
methods ?



Arcu):(a(IR) -> 1(IR) I see computations↳-Eitx
f(x))- e · f(x)

on pages 20-23

Adit):(= (R) ->L2 (R)

f(x) +f(Ex)

Let f(x) =exix, I =h
Fix =s

Il Mixth
Exercise:Alas) (evi**)= e

(
the reason for this twist is the choice we have made in the definition of15



Heisenberg group over a finite field .

Let K be a field
,
char ( K) -1-2

1-1--1-1,11<3--4^8%94 / a. b.eek }
*
the group

with respect to matrix product .

1 9+92 C
,
-14-9,82

I:#He :& ) --4 . "a)
0 0 1



Schrodinger representation.

Hz(K) acts oh ↳(K). (k
=

R,k =Hp)

LetY: K -* be an irreducible character shifts

S

(ex(88)f) (e) =P(C- 6x) ·f(x - a)
**multiplications by 4

f =((k)

Exercise; into it isaunitary operator



For K=Fp we also have an analogue of Stone - von Newman Thm
.

pis odd g : Slzllfp ) → PGLp( e)

Slzllfp) is generated by

s= f) and t= ( ti )

As i Lzlttp ) → ↳ ( Fp )
,
f ↳ §

Fly )= I Ylyox) . fix)
✗ C- Fp

At : Lzllfp ) → Lzllfp ) , EIIEIL-EIL.tk) .



Remark :

g : stalk → PGL( Lack))
T T

Ji Mpzllr>→ GLCLZCIR))
↳ so called methaplectic group,

p is odd double cover of SLUR)

g ! sLz( Fp) → PGLPC ① )
fid 9

§ : sLz(Ep ) → Gtpc )



Computations of g ( he? ) 1 a 0

Consider an element A = µ 1 0 ) EH0 0 1

The Schrodinger representation of A acts on talk) by

JACA ) : fcx) t f ( ✗ + b-a)

Our definition of the action of SHIR) on H implies :

in :* -1
.
;÷10 1 Ua

The action of this element under Schrodinger representation :

Aa ( ( he 9) A) : fix)i→eih±
"? ein""

. fix + b- a)



The Weil representation of g is

g(u9) : fcx ) ↳ é¥*fc⇒
Consider the following commuting diagramm ;

Ah-(A)

fix)1→ g- ( ✗ + b-a) here ✗ = -2¥
1st :?)sin :) 1T$ é×? fcxtha)

e✗×? f- ( x) Miku? )A)
"

→ eihtua.einax.excx-hai.fi✗ + b-a)

A straightforward computation shows that the equality
"
=
" holds and the diagram commutes

.



1 0 0

Consider an element 13=40 1

o • 9) EH
The Schrodinger representation of B acts on talk) by

J7A(B) : f- (x) to Éb×f(× )
Our definition of the action of stalk) on H implies :

¥1B %)0 1 6

The action of this element under Schrodinger representation :

Ah ( ( he 9) B) : fix)i→ eibxfcx)



It is easy to see that the following
diagram commutes ;

Jh- (B)
f- ( x ) → eibifcx)

Stu :X ↳
thick)B)

19129)
é×2fcx) → eibx.eu?fcx)


